Statement of the Theorem
A partition of the set n] = f1; 2; : : : ng is a collection of nonempty, pairwise disjoint subsets of n], called blocks, whose union is n]. Let n denote the set of partitions of n]. Given two partitions x; y 2 n , we say that x re nes y if x can be obtained from y by further partitioning one or more blocks of y. The re exive closure of this relation, denoted x y, is re exive, transitive, and antisymmetric; hence, the pair ( n ; ) is a nite partially ordered set, or poset.
An antichain in a poset (P; ) is a set of elements pairwise incomparable with respect to the order relation, and d(P; ) is the maximum size of any antichain in the poset (P; ). In the poset ( n ; ) those partitions having a speci ed number k of blocks form an antichain whose size is S(n; k), the Stirling number of the second kind. For xed n the sequence S(n; k) is unimodal in k, and it has been of interest to investigate the relationship between d( n ; ) and the largest Stirling number S(n; K n ). De ning the constant a by (all logarithms in this paper are natural) a = 2 ? e log 2 4 ; we may state our Theorem.
Theorem. Let ( n ; ) be the poset of partitions of n] ordered by re nement, and let S(n; K n ) be max k S(n; k), the largest Stirling number of the second kind. Then for suitable constants c 1 , c 2 , and n > 1, The lower bound in this theorem is proven in 6]; this paper is devoted to the upper bound. We use both j j and # to denote the cardinality of a set, reserving the second for sets de ned with curly braces f g. The symbols c 1 ; c 2 ; : : : c 5 ; 0 ; 0 denote positive real constants; it would be possible but distracting to replace these by appropriate explicit values.
Background
Determining the largest antichain in a poset originated with the subsets of n] ordered by inclusion: how big can a collection of subsets be, no two of which are related by inclusion? There is a candidate for the solution: all subsets of a speci ed size k. The k that gives the best solution of this form is k = bn=2c, and it is a theorem of Sperner 21] that no larger collection is possible.
In recent times, any ranked poset whose largest antichain is no bigger than its maximum level is said to possess the Sperner property. (Some terminology: Element y is said to cover element x in a poset when x < y and there is no z with x < z < y; the poset is ranked if the rank function r(x) = 0 for x minimal, r(y) = r(x) + 1 when y covers x, is well de ned. Equivalently, a poset is ranked when all maximal chains ending at a prescribed element x have the same length. The subset of all x such that r(x) = k is called the k-th level of the ranked poset; each level is an antichain.)
Many interesting posets arise in combinatorics, supplying researchers with a wealth of problems: identify the maximum level, and determine if the poset is Sperner. Engel's treatise 11] contains 474 references on Sperner theory. The main thrust of this research has been to develop tools for establishing the Sperner property; there are considerably fewer techniques for bounding d(P; ) in non-Sperner posets.
After being publicized by Rota 19] , the question of whether the partition lattice is Sperner received attention, but de ed analysis for a while. Study of the problem inspired many good research papers, some of which led to substantial later work, for instance 9], 12], 15], and 17]. In 5] and 20] two di erent examples are constructed to prove the strict inequality d( n ; )=S(n; K n ) > 1 for all large n, but in both of these examples the latter ratio is only 1 + o(1). The possibility of tting n into an elegant theory whereby all geometric lattices with some natural property are Sperner was eliminated. Nevertheless, partitions continued to charm a small group of researchers, and the intriguing possibility d( n ; ) S(n; K n ) remained open.
In 1985 Harper gave a heuristic argument 13] that an antichain in n could be 1.69 times as big as S(n; K n ). In later collaborative work 6] we construct an antichain A for which the ratio becomes in nite: + 1=2g is an antichain. Using Chebyshev's inequality one shows that for some the latter set will be at least as large as cB n = (Z); where B n = j n j is the n-th Bell number, and (Z) is the standard deviation of Z as a random variable on n with the uniform probability measure. This general idea is found in early work of Alekseev 2] . Engel 10] developed the idea further, and for a general poset de ned a function Z satisfying (2.1) and having minimum variance to be an optimal representation.
Meanwhile, with all the e ort to nd large antichains, no upper bound on d( n ; ) which is o(B n ) has been previously announced. Given the ad hoc nature of the function Z in 6], it is surprising to learn that the lower bound found there is correct within multiplication by O(1). Equally surprising is the route by which the upper bound is obtained. Namely, we will de ne a new partial order on the set of partitions by discarding almost all of the relations in the old order. Being obtained by this sort of a relaxation of ( n ; ), the biggest antichain in this new sparser order is at least as big as d( n ; ). The new order is presented in the next section.
The New Order
Since we are interested in two di erent order relations on the set n of partitions of n], we shall use the notations ( n ; ) and ( n ; no ) for the two di erent posets. The relation is the usual re nement relation, and the relation no is a new order which we are about to de ne. Both d( n ; ) and d( n ; no ) refer to largest possible antichains of partitions, but with respect to di erent order relations.
Let h be a positive integer; given two partitions x; y 2 n , we say that x h-re nes y if x can be obtained from y by partitioning one or more blocks of y of size 2h into two blocks of size h. The re exive closure of this relation, denoted x no y, is re exive, transitive, and antisymmetric; the pair ( n ; no ) is a ranked poset.
What is the rank function of this new order? De ne N i (x) to be the number of blocks of size i in the partition x. The function N 2h is the rank function for ( n ; no ). For comparison, we note that the rank function for the re nement order is r(x) = n ? jxj, n minus the number of blocks of x. A partition x can have di erent ranks in these two orders. For example, if n 6 = 2h, the unique partition in ( n ; ) of rank n ? 1 has rank 0 in ( n ; no ). Since x no y speci es that x be a re nement of y of a special sort, we see the implication x no y ) x y: 4 Largest Antichain in the Partition Lattice Consequently, any set which is an antichain in ( n ; ) is also an antichain in ( n ; no ), and we have the important relation d( n ; ) d( n ; no ):
We will need a bound on the number of partitions having unusually high or low rank in the poset ( n ; no ), and that is the purpose of the lemma in the next section.
Some estimates for the level sets of N h
Given the preceding section's discussion of the new order, one anticipates the need for information about the distribution of N h and N 2h . In this section we obtain the necessary result. Starting now, and continuing throughout the rest of the paper, we will need the parameter r, ( = r(n)), de ned by the equation re r = n:
It is clear that r lies between log n ? log log n and log n, and so r log n as n ! 1.
Later we will de ne h, as a function of n, to be a speci c integer, but for now we state and prove results which apply uniformly to all h in a range. Let Sub lemma a. Letg = (g 1 ; : : : g n ) be an n-tuple of integers satisfying s(g) = n.
Then the probability thatÑ(x) equalsg when partition x is selected uniformly at random from n is the same as the probability thatỸ =g conditioned on the event that s(Ỹ ) = n. In the preceding, sub lemma a. gives the rst equality, sub lemmas b. and c. imply the last inequality, and the middle inequality is just the obvious Pr(E 1 \E 2 ) Pr(E 1 ).
Since r log n, c ?1 3 re ?3r=2 < n ?1 for all n su ciently large, and the proof is complete.
Some Sperner posets, and their largest ranks
Let and h be positive integers, and P (h) h be the set of partitions of h] whose block sizes are all h or 2h. Restricting the re nement relation, we obtain a ranked poset (P h is a decreasing function of t, the numbers R t , 0 t =2, are strictly log concave: (R t ) 2 > R t?1 R t+1 : It follows that the sequence R t increases with t to either a unique, or two equal and consecutive, peak(s), and then decreases 8, Thm A, p. 270]. From now on we let t, ? = t( ; h) , denote the location of the leftmost peak. (By \leftmost" we mean that R t?1 < R t R t+1 ). Thus the integer t is de ned by the inequalities h are large and the same magnitude, then t is the same magnitude, and the ratio R t =jP (h) j is the reciprocal of the square root of said magnitude. The precise formulation of this is the next Lemma. it follows that + 1 > s 0 . Thus < s 0 < + 1, from which it follows rst that < ds 0 e < + 2, and then, by (5.4) , that ? 1 < t < + 1, which is (5.3). we have proven the lemma. This concludes our discussion of the posets P (h) , and no further preparatory lemmas are needed. In the next section we complete the proof of the Theorem. To avoid repetition, we adopt the convention that all inequalities asserted in this section are implicitly quali ed by the phrase \for n su ciently large." Let us remark that 4 h < 2h 2r, so that both h and 2h satisfy the hypotheses of Lemma 1. We also remark that r h =h!, r B n = O(n 1=2 =r) S(n; K n ); the lower bound for M in (6.1), and recalling that r log n; we obtain the upper bound stated in the Theorem. As mentioned earlier, the lower bound was proven in 6], and so the proof of the Theorem is complete.
